Abstract. A problem proposed by Grishkov asks if every metabelian triality group has a corresponding Moufang loop which is a group. Here we show that if minimal counterexamples exist, then such triality groups have to be p-groups. In fact, for any prime p, there exists a metabelian p-group that admits triality and has a corresponding Moufang loop that is not a group. Here we also determine how to strengthen the hypothesis of the original problem so that the corresponding Moufang loop is indeed a group.
Introduction
Suppose that G is a group and S 6 Aut.G/ where S D h ; i Š S 3 with j j D 2 and j j D 3. Here G is called a group with triality S if OEG; S D G and for every g 2 G OEg; OEg; OEg; A group G is called metabelian if its derived subgroup G 0 D OEG; G is abelian; thus G is metabelian if and only if it has a normal abelian subgroup such that the quotient group is abelian. Likewise, a Moufang loop K is said to be metabelian if it has a normal subloop N such that both N and K=N are abelian. Grishkov asked the open problem whether every metabelian triality group has a corresponding Moufang loop which is a group. In Section 2 it is shown that if a counter-example exists, then such a triality group must contain a p-subgroup that admits triality with a corresponding Moufang loop that is nonassociative. Triality groups are then constructed in Section 3 using Latin square designs showing that for any prime p there do exist metabelian p-groups that admit triality and have corresponding Moufang loops that are not groups. However, by strengthening the hypothesis of the original problem, the following theorem is obtained. 
Metabelian triality groups associated with groups
In this section we look at metabelian triality groups and develop tools needed to prove Theorem 1.1 along with the fact that minimal metabelian triality groups with corresponding nonassociative Moufang loops must be p-groups.
Lemma 2.1. Suppose G is a metabelian group that admits triality S . If L is its corresponding Moufang loop then L is metabelian.
Proof. Note that the derived subgroup G 0 of G is invariant under S . Let N be the subloop of L associated with G 0 . Since G 0 is an S -invariant normal subloop of G, by Doro [2] , G=G 0 is a group with triality associated with a loop isomorphic to L=N . Since G 0 and G=G 0 are abelian groups, N and L=N are abelian groups. Hence, L is metabelian. Lemma 2.2. Suppose P is a p-group that admits triality S D h ; i where L is its corresponding Moufang loop. Let N be the subloop of L associated with P 0 . If N is nontrivial, then the center of L intersects N nontrivially.
Proof. If L is an abelian group, then L D Z.L/ and the lemma immediately follows. Thus, without loss, it may be assumed that L is not an abelian group.
Let Q D hL; L ; L 2 i 6 P be the minimal subgroup of P that admits triality S and has L as its corresponding Moufang loop. There then exists a subgroup Z 6 Z.Q/ such that, up to isomorphism, Q=Z is the minimal triality group of L. Since L is not an abelian group, Q=Z is nonabelian. Since Q=Z is a nonabelian p-group, .Q=Z/ 0 intersects the center of Q=Z nontrivially. By minimality of Q=Z, .Q=Z/ 0 \ Z.Q=Z/ contains nontrivial elements of OEQ=Z; Š L. Such elements both commute and associate with all of the elements in the loop and are therefore in the center. Thus Q 0 , and therefore P 0 , contains nontrivial elements of Z.L/. Hence, its corresponding Moufang loop N intersects the center of L nontrivially.
Lemma 2.3. Let G be a group that admits triality S D h ; i and let L be its corresponding Moufang loop. For any x; y 2 L, OEx ; y 2 2 C G . /.
It is known from Moufang [9] that if three elements of a Moufang loop associate in some order, then they associate in any order. 
Corollary 2.5. Let G be a metabelian triality group and let L be its corresponding Moufang loop. If N 6 L is the Moufang loop associated with the derived subgroup of G and x; y 2 L, then the subloop hx; y; N i is a group.
Proof. By Lemma 2.4, N is contained in Nuc.L/. Thus the generators of hx; y; N i associate in any order.
and there do not exist indices i; j; k with 1 6 i < j < k 6 n with
Proof. By the hypothesis on the indices, L=Nuc.L/ is a direct product of two cyclic subgroups. Hence, L can be generated by Nuc.L/ along with two other elements of L, making L a group. i . If the elements g 1 ; : : : ; g n all associate in L, then L D hg 1 ; : : : ; g n ; Nuc.L/i must be a group. Since L is nonassociative, there exist g i ; g j ; g k which do not associate. Assume that p i ; p j ; and p k are not all equal. Then by Proposition 2.6, hg i ; g j ; g k ; Nuc.L/i is a group which contradicts the fact that g i ; g j and g k do not associate. Thus
Since L does not contain any composition factors that are nonassociative, from [3] , there exists a Sylow p-subloop of hg i ; g j ; g k ; Nuc.L/i, say P . Since hP; Nuc.L/i D hg i ; g j ; g k ; Nuc.L/i is nonassociative, P itself is nonassociative. Hence, from [3] , P is embedded inside of a nonassociative Sylow p-subloop of L.
Theorem 2.8. If there exist finite metabelian groups that admit triality with corresponding Moufang loops that are nonassociative, then minimal such groups must be p-groups.
Proof. Let G be a minimal such group and let L be its corresponding Moufang loop. If N 6 L is the loop associated with G 0 , then, by Lemma 2.4, N 6 Nuc.L/. Furthermore, from Lemma 2.1, L=N is an abelian group. It then follows from Theorem 2.7 that L contains a nonassociative Sylow p-subloop, say P . By minimality of G, L D P . It is known from [4] that if K is a Moufang p-loop, then a minimal triality group associated with it must be a p-group. Hence, G itself is a p-group.
The following lemma, originally proven by Hsu [7, Theorem A], is a useful tool needed to prove Theorem 1.1.
Lemma 2.9. If L is a finite Moufang loop with an order that is coprime to 6 and L=Z.L/ is abelian, then L is a group.
Proof. Assume that this is not true and let L be a minimal counter-example. Since L=Z.L/ is abelian with an order coprime to 6, L contains a normal subloop of index p, say H , such that p is a prime greater than three and Z.L/ 6 H . By minimality of L, H is a group. Let u 2 L n H be an element of order a power of p and define ' W H ! H by g ! u 1 gu:
Now let x; y 2 H be arbitrary elements. Since 2 − jLj, x has a unique square root in L which will be denoted by x 1=2 . Thus, since L=Z.L/ is abelian, there exists an element c 2 Z.L/ such that
Moreover, there exist elements a; b 2 Z.L/ such that
It is known from Bruck [1] that ' is a semi-automorphism of H , namely,
Since ' is an automorphism of H and u has order coprime to 3, by [5, Proposition 4.3 and Lemma 4.4], u associates with all of the elements in H . Therefore L D hu; H i is a group, and this contradicts the assumption.
Proof of Theorem 1.1. Suppose that L is not a group. Then by Theorem 2.7, L contains a nonassociative Sylow p-subloop, say P , for some prime p. By Lemma 2.1, L=N is an abelian group. Thus p j jN j, since otherwise P would be isomorphic to a Sylow p-subgroup of L=N . Moreover, by Proposition 2.6, in order for P to be nonassociative, p 3 must divide jL=N j. Furthermore, if p > 3, then, by Lemma 2.9, N is not contained in Z.P /, since otherwise P would be a group. Also, by Lemma 2.2, N intersects the center of P nontrivially. Hence, the order of N is at least p 2 .
Creating minimal counter-examples using Latin square designs
In this section we show that for any prime p there exists a metabelian p-group that admits triality and has a corresponding Moufang loop that is not a group. We do so by creating such a group using a Latin square design that is associated with the Cayley table of a nonassociative Moufang p-loop. (ii) every line l 2 A contains exactly three points, meeting each of R, C , E exactly once, (iii) any pair of points from different parts belong to exactly one line.
Suppose that L is a Moufang loop. A Latin square design may be constructed using the loop L. This design can then be used to construct a triality group whose corresponding Moufang loop is isomorphic to L. The details are given in the following example.
and let the line set A be the set of triples ¹a R ;
.L E / and define G to be the following subgroup of H :
Note that the group G contains permutations of the point set P that take lines to lines. Moreover, the group G is a group with triality S D h ; i with 
Under the binary operation˘defined by equation (1.1), OEG; is isomorphic to L. Example 3.2 can then be used to create minimal metabelian groups that admit triality and have corresponding nonassociative Moufang loops. If p is either 2 or 3, then there are exactly five nonassociative Moufang loops of order p 4 which can be retrieved in GAP [6] as MoufangLoop(pˆ4,i) with 1 6 i 6 5. Using GAP, a triality group associated with such a Moufang loop L D hx; y; ui can then be generated by ¹.f c ; g c ; h c /; .g c ; h c ; f c / j c 2 ¹x; y; uºº as a subgroup of Sym.p 4 / Sym.p 4 / Sym.p 4 / as in Example 3.2. For every nonassociative Moufang loop of order 16, the minimal triality group associated with it is metabelian of order 2 11 , of exponent 4, and has a derived subgroup that is an elementary abelian 2-group of order 32. For the two nonassociative Moufang loops of order 81 and exponent 3, the minimal corresponding triality group is metabelian of order 3 7 , of exponent 3, and has a derived subgroup that is an elementary abelian 3-group of order 81. Likewise, for the three nonassociative Moufang loops of order 81 and exponent 9, the minimal corresponding triality group is metabelian of order 3 8 , of exponent 9, and has a derived subgroup that is an elementary abelian 3-group of order 81. Proof. For primes p > 5, it is known from Leong [8] and from Nagy and Valsecchi [10] that all Moufang loops of order p 4 are groups and that there are ex-actly four nonassociative Moufang loops of order p 5 each with a nilpotency class equal to 3. Let L be a nonassociative Moufang loop of order p 5 . From Nagy and Valsecchi [10, Theorem 3.2] , the nilpotency class of the multiplication group of L, Mlt.L/, is also 3. Since the nilpotency class of Mlt.L/ is 3, the derived length of Mlt.L/ is bounded above by log 2 .3/ C 1 and is therefore equal to 2. From Example 3.2, a triality group associated with L, say G, can be generated by ¹.f x ; g x ; h x /; .g x ; h x ; f x /; .h x ; f x ; g x / j x 2 Lº as a subgroup of Mlt.L/ Mlt.L/ Mlt.L/. Since Mlt.L/ is metabelian, so is Mlt.L/ Mlt.L/ Mlt.L/ and thus G is a metabelian group.
From these cases, it follows that for any prime p there are metabelian p-groups that admit triality with corresponding Moufang loops that are not groups.
